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Let G be a locally compact motion group, i.e., it is a semidirect product of 
a compact subgroup with a closed abelian normal subgroup, the action of the 
compact subgroup on the other one being by conjugation. The main result of 
this paper is that the group algebra of such a group is symmetric. This result is 
then used to prove that a generalization of the Wiener-Tauberian theorem holds 
for such groups. Precisely, it is shown that every proper closed two-sided ideal 
in L,(G) is annihilated by an irreducible unitary representation of G, lifted to 
L(G). 
INTRODUCTION 
A Banach *-algebra A is said to be symmetric if for each x E A, the element 
x*x has a nonnegative spectrum. Such algebras have many special properties, 
and as is well known, their study has attracted much attention. 
Let G be a locally compact group, and consider the algebra L,(G), formed 
with respect to a left Haar measure do, with the usual convolution product and 
the usual * -operation. One asks: For which groups G is it true that L,(G) is 
symmetric ? Th is general question is of interest because on the one hand the 
symmetry of L,(G) has some consequences for the representation theory of G, 
and on the other hand it is related to theorems of Tauberian type for L,(G). 
See, for example, the papers by Leptin [8, lo] and by HulaniEki [6]. 
It is known that L,(G) is symmetric if G satisfies one of the following hypo- 
theses: (i) G is Abelian-this is classical, via the Gelfand-Pontriagin theory. 
(ii) G is compact [2, 131. (iii) G is discrete and nilpotent [4]. (iv) G has only 
finitely many conjugacy classes [5]. (v) G is a connected nilpotent Lie group with 
descending series of length < 2 [I I]. (vi) G is an extension, by a finite group, 
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of a locally compact group H with L,(H) symmetric [9]. (vii) G is a semidirect 
product of a compact Abelian group K with a locally compact group H with 
L,(H) symmetric [IO]. 
On the other hand, it is known that L,(G) is not symmetric if G is a connected 
semisimple Lie group, and one expects that the L, algebras of solvable Lie 
groups are also badly behaved with respect to this property [ 1,7]. 
All the known examples of groups for which L,(G) is symmetric are groups 
with polynomial growth in the sense of [6], and it is natural to wonder if these 
two properties are equivalent. The answer to this question is unknown at the 
present time. 
Suppose now that G is the semidirect product of a compact subgroup K and a 
closed Abelian normal subgroup H, the action of K on H being by conjugation. 
By analogy with the group of motions of a Euclidean space, we call such a group 
a locally compact motiongroup. Such groups are unimodular and have polynomial 
growth. In this paper we prove the following theorem. 
THEOREM A. Let G be a motion group. Then L,(G) is symmetric. 
The symmetry of some subalgebras of L,(G) f or such groups was proved in [ 131. 
The proof of this theorem is not hard. It is an exercise involving ideas from the 
theory of spherical functions contained in Godement’s classical paper [3], 
together with a comprehensive theorem, due to Fell, about representations of 
motion groups. For our purpose, Fell’s theorem will be decisive. 
The result of this paper makes it appear plausible that the class of groups 
with symmetric L, algebras is closed under the operation of extension by a 
compact group. If true, this would generalize the result of [lo]. 
A consequence of Theorem A which seems to me to be worth mentioning 
is as follows: 
THEOREM B. Assume that G is as in Theorem A above, i.e., G is a locally 
compact motion group. Then every proper closed two-sided ideal in L,(G) is annihil- 
ated by an irreducible unitary representation of G, lifted in the usual way to L,(G). 
This theorem generalizes the classical Tauberian theorem of Wiener. 
Theorem B follows quickly from Theorem A via the use of some remarks 
made in [12]. 
These results are proved in Section 2, after some preparation which is set 
out in Section 1. 
1. SOME PREPARATION 
We assume that the reader is familiar with the basic notions of representation 
theory, and the theory of spherical functions of arbitrary type 6. The best 
reference for our needs is Godement’s paper [3]. We also find it convenient to 
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refer to Warner’s book [14]. Everything that we need is contained in Chapters 4, 
5, and 6 of that work. 
Let G be a locally compact separable unimodular group, and let K be a 
compact subgroup of G. Let K denote the dual of K, and for each S E K, let xs 
be the character of S and d(6) be its degree. Put 0~~ = d(6) xs . Then 01~ is the 
central idempotent in the algebra L,(K) associated to the class 6, and we have 
a* * acg’ = 0 if 6 # 8. 
Let n be a representation (always assumed continuous unless explicitly stated 
otherwise) of G on a Banach space F. We then define the operator n(&) on I/ 
by n(&) = SK g,(K) r(K) dk and put V(6) = r(&)F. Then r(&) is a projection 
and F(8) consists of precisely those vectors in v that are K-finite under r and 
transform according to 6 under 7rr. The spaces (v(8); 8 E K) are linearly inde- 
pendent, and their sum V, is dense in V. 
Recall that S is said to occur in V if V(S) # (0). Then 8 is said to occur with the 
multiplicity m(8,7~) = dim V(S)/d(S), which may be infinite. K is said to be 
Zurge in G if for each 6 E K and each topologically completely irreducible 
(TCI in short) Banach representation rr of G, we have m(8, rr) < co. K is said 
to be uniformly large in G if SUP~,~ m(S, 7)/d(S) < 03, with 6, rr varying as above. 
From now on we let G be a locally compact motion group. In other words we 
assume that G is a semidirect product of a compact subgroup K and an Abelian 
normal subgroup H, with K acting on H by conjugation. Then we have G = KH, 
i.e., the map (K, h) --f Kh is a homeomorphism of K x H onto G. G is uni- 
modular, and it is known that K is uniformly large in G [3]. Indeed, we have 
m(S, n) < d(S) for any S E K and any TCI Banach representation TT of G. 
We denote by C,(G) the convolution algebra of complex valued continuous 
compactly supported functions on G, and for any 6 E K, put C,,,(G) = 
{f~ C,(G) I& *f * & = f). This is a *-subalgebra of C,(G), and if rr is any 
TCI Banach representation of G on V, one knows that for fg C,,,(G), the 
the operator n(f) maps V(S) into itself. Let am be the restriction of r(f) to 
V(S). Then rr8 is an algebraically irreducible representation of C,,,(G) on V(S). 
The following is well known and easily proved [3]. 
PROPOSITION 1.1. Let ?T, rr’ be TCI Banach representations of G that are 
Naimark equivalent. Then ‘ITS and r6’ are algebraically equivalent, for each 6. 
Let us now recall the theorem of Fell that we will need. Let h be a quasi- 
character of H, i.e., a continuous but not necessarily unitary homomorphism 
of H into the nonzero complex numbers, and let rr” be the Banach representation 
of G continuously induced from h as in [14, Vol. 1, p. 4031. Since G = KH, we 
can realise & on the space C(K). Fell’s theorem is as follows: 
THEOREM 1.2. Let rr be TCI Banuch representation of G on V and let B(x) = 
11 X(X)//, x E G. Then there exists a quasi-character h of H such that: 
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(A) j X(h)l/&h) is bounrled on H. 
(B) ?T is Naimark equivalent to a topologically irreducible subquotient of w’. 
For a proof, see [14, Vol. 2, p. 281. Fell’s original proof is unpublished. It will 
appear in his forthcoming book. 
Suppose now that r is a TCI Banach representation of G such that I/ r(x)11 < C, 
x E G, C being a constant. Then the quasi-character h of the theorem is bounded 
on H, so it must be unitary. But then the representation vrl is Naimark equivalent 
to the representation 3 of G on L,(K) unitarily induced from A. Since any 
subquotient of ii” is unitary, we get: 
COROLLARY 1.3. Let rr be a TCI Banach representation of G such that // n(x)11 
is uniformly bounded on G. Then Z- is Naimark equivalent to an irreducible unitary 
representation X” of G. 
2. SYMMETRY OF L,(G) 
For writing ease we write A for the algebra L,(G). For any 6 E &, put A(6) =- 
(f E A / %, *f * & = f}. Then A(6) is a closed *-subalgebra of A, and C,,,(G) 
is a dense subalgebra of A(6). 
Suppose 7~ is a TCI Banach representation of G such that I/ n(x)/1 is uniformly 
bounded on G. Then n(f) = so f (x) r(x) dx makes sense for f E A, and we 
have \J rr(f)\\ < C l/f )I1 where jJ f )I1 stands for the& norm. If V is the space of r, 
we see that V(6) is stable under I if f E A(6). Let r8(f) be the restriction of 
n(f) to V(S). Then rr6 is a representation of A(6) on V(6). Clearly 7~~ is irreducible. 
We use the following characterization of symmetry. See, e.g., [lo]. 
PROPOSITION 2.1. A is symmetric if, and only if, for each algebraically 
irreducible representation of A on a Banach space V, we can find a continuous, 
Hermitian, positive definite form (s, -) on V such that for all f  E A, u, v E V, we 
have (rr(f)u, o) = (u, +f*)v). 
Let now 7r be an algebraically irreducible representation of A on the Banach 
space I/, and for a z, # 0 in V put 1M = (f E A / rr(f)er = 01. Then M is a 
maximal modular left ideal in A and n is equivalent to the left regular representa- 
tion of A on A/M. Being maximal modular, M is closed, and this equivalence is 
even a topological equivalence. We identify V with A/M and view T as the 
representation of A on AIM. 
LEMMA 2.2. r is a TCI Banach representation of A on A/M. 
Proof. Since r is algebraicall irreducible and V is a Banach space, an argument 
of DieudonnC, using the Gelfand-Mazur theorem, implies that v is algebraically 
completely irreducible, hence it is surely TCI. See [ 14, Vol. 1, p. 2301. 
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Since M is a closed left ideal in A it is closed under left translations by elements 
of G, so the left regular representation of G on A factors through M to yield a 
representation of G on A/M which we will also call V. With this definition it is 
obvious that /) P(x)/~ = 1, x E G, and r(f) = Jc f(x) V(X) dx, f&A. Since 
f  -+ m(f) is TCI, it follows that x -+ V(X) is a TCI Banach representation of G 
on A/M = V. In particular, we have dim V(8) < co for each 6 E g. 
Now let e be a right identity modulo M in A, and put v = e + ME V. Then 
v # 0, and M = {f E A ) rr(f)v = O}. S ince v # 0 and V, is dense in V, 
we must have +%,Jv = 0 for some 6 E k Pick such a class and fix it, and put 
v6 = P(&)v. Then vg E V(8). Let M(S) be the annihilator of v& in A(6). Thus 
MN = tf s A(S) I rs(f) v6 = 01. 
LEMMA 2.3. M(S) is a maximal modular left ideal in A(6). Moreover, M(6) = 
MIT A(S), and the representation z-a of A(S) on V(6) is equivalent to the left 
regular representation of A(S) on A(S)/M(S). 
Proof. Since rs is algebraically irreducible, vs is a cyclic vector, so M(S) 
is a modular ideal. It is maximal because z-~ is irreducible. 
As to the second assertion, we claim that M(S) C M. In fact, f  E M(8) G- 
7rs(f) vg = 0 3 n(f) va = 0 =c- T(f) ?r(&)v = 0 * 7r(f * Z&v = 0 G- 7r(f )v = 
0 =z- f  E M. Hence M(6) C M n A(S). On the other hand, f  E MIT A(6) C- 
7r(f)v = 0 * 7r(f * &*)v = 0 => v(f) vs = 0 so f  E M(8). Thus, M(6) = 
M n A(8). The last assertion is clear by the definition of M(8). 
We are now in a position to apply Fell’s theorem. By that theorem there exists 
an irreducible unitary representation r” on VM such that v and ?I- are Naimark 
equivalent. Then the representations 7r8 and nad” on V*(6) are equivalent. 
Denote the equivalence between V, and V,* by u --+ u”, and let zld” be the 
image of v6. Let (*, *> be the inner product in VW and define p(x) = 
<64 v 6*, vs”). Then q~ is a continuous positive definite function on G. Define 
the functional @ on A by Q(f) = sG f  (x) p(x) dx. Then @ is a continuous 
Hermitian positive definite functional on A. Put M’ = {f E A j @(f * *f) = O}. 
PROPOSITION 2.4. M’ is a maximal modular left ideal in A, and M’ n A(6) = 
MC9 
Proof. Since @ is positive definite it is clear that M’ is a left ideal, by the 
Cauchy-Schwartz inequality. 
Let M,=(f~Ai~~xgcf*~~~M(6) for all gEA}. Since M(6) is a 
maximal modular left ideal in A(6), a general lemma of Godement, [3, p. 5131, 
implies that MI is a maximal modular left ideal in A, with MI n A(6) = M(8). 
We show that MI = M’. 
We first claim that @ vanishes on M(6). Indeed, let f  E M(6). We have @i(f) = 
<r-(f) v8-9 v,“) = (w8*(f) v6*, vs*). Since ns , rr6” are equivalent, we have 
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mu(f) Wug” = (n,(j) w#. But fe M(6) so r*(f) wb = 0. This proves the claim. 
It is also clear from the definition of @ that 0(f) = @(& * f * Q, f~ A. 
Now let feM1. Then &a *f* *f* &EM(&), so we have @(f* *f) = 
@(& *:f * * f * 01J = 0. Thus f~ M’. So Mi C M’ and by the maximality of 
Ml we conclude that Ml = M’. 
We are now in a position to prove the main result. Define a Hermitian form 
(+, s)’ on V’ = A/M’ as follows: let u’ = f + M’, v’ = g + M’ be in V’ and 
put (u’, o’) = @(g* cf). Th is is well defined due to the proposition above, and 
clearly it is a continuous, Hermitian, positive definite form on V’. Let 7~’ be 
the left regular representation. of A on A/M’. Then it is easy to check, using 
the definition, that for a E A, u’, w’ E V’ we have (x’(a) u’, w’)’ = (u’, ~‘(a*) ZI’)‘. 
THEOREM 2.5. A is symmetric. 
Proof. Let V’ be as above. Since M’ n A(6) = M(6) it is clear that the 
representation r6 of A(S) on V’(S) is equivalent to the left regular representation 
of A(S A@)/M(6). Hence x 8 , ?T~’ are equivalent representations by Lemma 2.3. 
So for each f E A(S), trace ns(f) = trace rB’(f). Let vps , vps’ be the spherical 
trace functions of type 6 associated to ?r, 1~‘. Thus v6(x) is the trace of the restric- 
tion of 7r(&) 7r(x) 7&) to V(8), and q6’ is defined similarly. The equality trace 
n&f) = trace x*‘(f) implies that vs = q8’, as in [3]. 
Now n, rr’ are algebraically irreducible representations of A such that 
I/ rr(x)li = /j v’(x)[/ = 1 for all x E G. Moreover, vs = qs’ # 0. Thus all the 
conditions of [3, Theorem 9, p. 5231 are satisfied. We conclude from that theorem 
that m, T’ are topologically equivalent. Let T be such an equivalence. Define the 
form (*, *) on V by (u, w) = (Tu, TV)‘. Th’ is is a continuous Hermitian positive 
definite form on V. Since T is an isomorphism of A-modules we get: 
b(f )u, v) = (Tdf)~, TV)’ 
= (d(f) Tu, TV)’ 
= (Tu, d(f *)a)’ 
= (4 4-f *>q. 
So, by the characterization in Proposition 2.1, we have shown that A is sym- 
metric. The proof is finished. 
The deduction of Theorem B from Theorem A is very simple, by using the 
results of [12]. One says that A has the weak Wiener property if for each proper 
closed two-sided ideal I in A, the algebra A/I is not a radical algebra, i.e., A/I 
has at least one proper maximal modular left ideal. One says that A has the 
Wiener property, if every proper closed two-sided ideal in A is contained in 
the kernel of an irreducible unitary representation of G, lifted to L,(G). The 
assertion of Theorem B is that under the hypotheses made there, A has the 
Wiener property. In [8, p. 391, it is shown that if A is symmetric and has the 
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weak Wiener property, then A has the Wiener property. Thus, in view of what 
we have shown, we only need to show that A has the weak Wiener property. 
The following lemma is adapted from [12]. 
LEMMA 2.6. Suppose that A has a closed commutative subalgebra B with the 
followirgproperties: (i) B is completely regular and semisimple. (ii) The set of elements 
of B whose Gelfand transf~ms are compactly supported is dense in B. (iii) B contains 
an approximate identity of A. Then A has the weak Wiener property. 
Proof. Let I be a proper closed two-sided ideal in A and let J = B n I. 
Then J is a closed ideal in B, and because of (iii), J is proper. Thus the com- 
plement J’ of J in B is a nonvoid open set in B. By (ii), it contains an element x 
such that the Gelfand transform x* of x has compact support. By (i), we can 
find an elementy in B such that y” = 1 on the support of x*. Then x-y* = x”, 
so we have x c y = x. Clearly x, y do not lie in I, so their images x’, y’, under 
the projection of A onto A/I are nonzero, and we have xy’ = x’ in the algebra 
A/I. This means that the element y” contains 1 in its spectrum, so A/I is not a 
radical algebra. We have proved the lemma. 
Our object now is to prove that A does in fact contain such a subalgebra B. 
In fact, letting 1 denote the trivial class in R, we put B = A( 1). We will show 
that this subalgebra has the needed properties. 
Since m(8, rr) < d(S) for all 6 and TCI Banach representations n, it is clear 
that 1 occurs no more than once in such a r. As is well known this implies that B 
is a commutative subalgebra of A. B is the subalgebra of A consisting off E A 
such that f (kxk’) = f ( ), x x E G, k, k’ E K. Since K is compact it is trivial that B 
contains an approximate identity of A. To show that B has the other properties 
needed in Lemma 2.6 we need to have some information about its maximal ideal 
space. This is essentially well known, and follows more or less immediately 
from [3]. We summarize and state precisely what we need, for the reader’s 
convenience. 
Normalize the Haar measures on G, K, H, so that for f  E C,(G) we have 
.L f (4 dx = J-H .hf W dk dh, w h ere dk is the normalized Haar measure on K. 
The action h --f khk-l of K on H will be denoted by h ---f ha. The induced action 
on L,(H) as well as on H” (the character group of H), will be denoted by f -+ f k, 
and 01 --f ak, respectively. For f E&(H), put fo(h) = J,f(khk-l) dk. Then 
f-f0 is a projection of norm < 1 in L,(H), whose image we will denote by BO . 
For 01 E HA, we define q, similarly, thus %(h) = SK ar(k-lhk) dk. 
Any f E B is determined completely by its restriction to H. In fact the restric- 
tion map f---f f’ is an isometric isomorphism of B onto B, , as is immediate 
from the definitions. Thus we may work with B,, instead of B to show what we 
need. The structure of the maximal ideal space of B, is as follows. 
PROPOSITION 2.7. For any LYE H ,^ and f E B, , the map f + a,(f) = 
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J-Hf(h) o(h) dh = J-H jKf(h) @-W dk & is a continuous nonzero homomorphism 
of B, onto @. Moreover, every continuous nonzero homomorphism of B onto @ is of 
this form for some (Y. E H .^ Two such homomorphisms, f-q, (f ), f  -+ &,(f ), are 
equal if and only if 01, /3 lie in the same K-orbit in HA. Thus the maximal ideal space 
.& of B, is identi$ed with the quotient space H”IK of H  ^ module the action of K 
on it. 
As we remarked above this comes readily from [3]. 
Let p be the projection of HA onto the maximal ideal space J? = HA/K. 
For f  E B, we denote its Gelfand transform by f  N. Then for m E &, we have 
f-(m) = f”(a) where 01 E q’(m) and f  h is the Fourier transform off ELM. 
It follows from the above that B, is a semisimple Banach algebra, since L,(H) 
has that property. 
PROPOSITION 2.8. B, is a completely regular Banach algebra, and the set of 
elements f  in B, whose Gelfand transform f  * have compact support in & is dense 
in B,, . 
Proof. Let F C J%Z be a closed set and m be a point of & not in F. Let F’ = 
p-l(F), F” = p-‘(m). Then F ’ is closed in HA, and F” is compact in H ,^ being 
just one orbit of K. There exists g ELJH) such that g = 0 on F’ and g EE 1 
on F”, since F’ and F” are disjoint. Put f  = g, = JKgk dk. Then f  E B, , 
and it is obvious that f- = 0 on F and f-(m) = 1. This proves the first 
assertion. 
For the second, let b E B, and E > 0 be given. We want to produce f  E B, 
such that 11 b -f/jr < E and such that f  u is of compact support. In fact, by a 
well-known property of L,(H), we can find g E&(H) such that 11 b -g Ii1 < c 
and such that g  ^ has compact support, say C, in H*. Let f  = g, . Then b - f  = 
b - go = b,, - g, = (b -g),, . Since the map a -+ a, is of norm -5 1, we see 
that 11 b -f !jr < E. On the other hand, let C’ = p(C). Then C’ is compact. 
We claim that f  * vanishes off C’. Indeed, let m E A, m $ C’. If OL is any point 
of HA in p-r(m), then ak +$ C for any k E K. So g^(&) = 0 for all k, whence 
SKgh(d) dk = 0. But JKg^(ak) dk = f  “(01) = f  -(m) as is easily seen, so 
f"(m) = 0. Thus f  u vanishes off C’, and the second assertion follows. 
In view of Lemma 2.6, we conclude that A has the weak Wiener property, 
and using the symmetry of A and the result of [8] alluded to above we see that 
Theorem B follows from Theorem A. 
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